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•Study of the coupled transport of 
electrical and thermal energy.
•Solid-state phenomenon requires no 
moving parts or working fluids, and 
generates no noise, torque, or 
vibrations.
•As a result thermoelectric 
devices are extremely reliable.
•Power Generation
•Spacecraft, automotive, 
aerospace, gas pipelines, well 
sites, and offshore platforms.
•Refrigeration
•On chip cooling, electronics, and 
automotive. 
•High reliability, low conversion 
efficiency. Bennett et al. AIP Proceedings 969 (2008) 663-671.
•Radioisotope thermoelectric generators 
(RTG) have powered 45 spacecraft.
•Voyager (1977), Ulysses (1990), 
Cassini (1997), New Horizons 
(2006), and Curiosity (2011).
Lange et al. Energy Conversion and Management 49 (2008) 391-401.
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•1931 Lars Onsager discussed 
coupled irreversible processes to 
unify thermoelectric phenomena 
into a single study.
•Study results in two transport laws 
for a thermoelectric conductor.
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Mackey et al. Applied Energy 134 (2014) 374-381.
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Variable Properties Model Asymptotic Expansion
Material Properties by Asymptotic Expansion-
Variable Seebeck
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
෠ܶ ൌ Ͳܶ ൅ ߳ ͳܶ 
ො߮ ൌ ߮Ͳ ൅ ߳߮ͳ 
݇ሺܶሻ ൌ ෨݇ ݇ሺܶሻ෨݇ ൌ ෨݇൫݇Ͳ ൅ ߳݇ͳοܶ ෠ܶ൯ 






ߪሺܶሻ ൌ ߩሺܶሻ ൌ ߩ෤
ߩሺܶሻ
ߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 
4 of 7Analytic Couple Modeling
Variable Properties Model Asymptotic Expansion
Material Properties by Asymptotic Expansion-
Variable Seebeck
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
෠ܶ ൌ Ͳܶ ൅ ߳ ͳܶ 
ො߮ ൌ ߮Ͳ ൅ ߳߮ͳ 
݇ሺܶሻ ൌ ෨݇ ݇ሺܶሻ෨݇ ൌ ෨݇൫݇Ͳ ൅ ߳݇ͳοܶ ෠ܶ൯ 






ߪሺܶሻ ൌ ߩሺܶሻ ൌ ߩ෤
ߩሺܶሻ
ߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 
4 of 7Analytic Couple Modeling
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
݇ሺܶሻ ൌ ෨݇ ݇ሺܶሻ෨݇ ൌ ෨݇൫݇Ͳ ൅ ߳݇ͳοܶ ෠ܶ൯ 
ͳ
ߪሺܶሻ ൌ ߩሺܶሻ ൌ ߩ෤
ߩሺܶሻ
ߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 
Variable Properties Model Asymptotic Expansion
Material Properties by Asymptotic Expansion-
Variable Seebeck
෠ܶ ൌ Ͳܶ ൅ ߳ ͳܶ 
ො߮ ൌ ߮Ͳ ൅ ߳߮ͳ 








Leading order temperature solution
First order temperature correction
Combined temperature solution













ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
ߩሺܶሻ ൌ ߩ෤ ߩሺܶሻߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 




4 of 7Analytic Couple Modeling
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
݇ሺܶሻ ൌ ෨݇ ݇ሺܶሻ෨݇ ൌ ෨݇൫݇Ͳ ൅ ߳݇ͳοܶ ෠ܶ൯ 
ͳ
ߪሺܶሻ ൌ ߩሺܶሻ ൌ ߩ෤
ߩሺܶሻ
ߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 
Variable Model Asymptotic Expansion
Material Properties by Asymptotic Expansion-
Variable Solution
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
෠ܶ ൌ Ͳܶ ൅ ߳ ͳܶ 
ො߮ ൌ ߮Ͳ ൅ ߳߮ͳ 
ߩሺܶሻ ൌ ߩ෤ ߩሺܶሻߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 























ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
4 of 7Analytic Couple Modeling
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
݇ሺܶሻ ൌ ෨݇ ݇ሺܶሻ෨݇ ൌ ෨݇൫݇Ͳ ൅ ߳݇ͳοܶ ෠ܶ൯ 
ͳ
ߪሺܶሻ ൌ ߩሺܶሻ ൌ ߩ෤
ߩሺܶሻ
ߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 
Variable Model Asymptotic Expansion
Material Properties by Asymptotic Expansion-
Variable Solution
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
෠ܶ ൌ Ͳܶ ൅ ߳ ͳܶ 
ො߮ ൌ ߮Ͳ ൅ ߳߮ͳ 
ߩሺܶሻ ൌ ߩ෤ ߩሺܶሻߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 


















݇ሺܶሻ ൌ ෨݇ ݇ሺܶሻ෨ ൌ ෨݇൫݇Ͳ ൅ ߳݇ͳοܶ ෠ܶ൯ 
4 of 7Analytic Couple Modeling
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
݇ሺܶሻ ൌ ෨݇ ݇ሺܶሻ෨݇ ൌ ෨݇൫݇Ͳ ൅ ߳݇ͳοܶ ෠ܶ൯ 
ͳ
ߪሺܶሻ ൌ ߩሺܶሻ ൌ ߩ෤
ߩሺܶሻ
ߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 
Variable Model Asymptotic Expansion
Material Properties by Asymptotic Expansion-
Variable Solution
ܵሺܶሻ ൌ ሚܵ ܵሺܶሻሚܵ ൌ ሚܵ൫ܵͲ ൅ ߳ ͳܵοܶ ෠ܶ൯ 
෠ܶ ൌ Ͳܶ ൅ ߳ ͳܶ 
ො߮ ൌ ߮Ͳ ൅ ߳߮ͳ 
ߩሺܶሻ ൌ ߩ෤ ߩሺܶሻߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 


















ߩሺܶሻ ൌ ߩ෤ ߩሺܶሻߩ෤ ൌ ߩ෤൫ߩͲ ൅ ߳ߩͳοܶ ෠ܶ൯ 
Variable Property Model Summary






Thermal Conductivity ↑ ↑ 0.60
Absolute Seebeck Coefficient ↑ ↑ 0.25
Electrical Resistivity ↑ ↓ 0.08
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•Asymptotic expansions are an effective 
means of understanding thermocouple 
behavior.
•Conversion efficiency is most sensitive to 
thermal conductivity temperature 
dependence.
•Thermal diffusivity factor
•Governs transient operation of a 
thermocouple, with an ideal value of 
unity.
• Inductance factor 
•Governs the balance between 
thermal and electrical inductance.
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